I briefly review my proposal about how to extend the geometric HamiltonJacobi theory to higher derivative field theories on fiber bundles. *
Introduction
The standard Hamilton-Jacobi (HJ) problem consists in finding Lagrangian submanifolds of the phase space which are preserved by the dynamics. In its turn, the HJ problem is locally equivalent to the HJ Equation. The restricted dynamics on a solution of the HJ problem is simpler than the complete one and, therefore, solving the HJ problem helps in finding solutions of the Hamilton equations. In the series of papers [1, 2, 3] , Cariñena, Gràcia, Marmo, Martínez, Muñoz-Lecanda, Román-Roy, presented a generalized HJ problem on both the Lagrangian and the Hamiltonian side of a Lagrangian theory. Their formulation "is based on the idea of obtaining solutions of a second order differential equation by lifting solutions of an adequate first order differential equation", and I will refer to it as Geometric HJ Theory.
Inspired by the above mentioned papers [1, 2, 3] , I recently proposed an extention of the geometric HJ theory to higher derivative field theories on fiber bundles [4, 5] (see also [6] for the first order case). My proposal is based on the Lagrangian-Hamiltonian formalism developed in [7] (see also [8] ) and is manifestly coordinate independent and natural, i.e., independent of geometric structures other than the action functional. I will refer to my extension of the geometric HJ theory as Geometric HJ Field Theory.
The aim of the paper is to review the geometric HJ field theory. The main results will be presented without proofs. We refer to [4, 5] for details.
Geometric Hamilton-Jacobi Theory I first review the geometric HJ theory. For simplicity I only consider the autonomous case. I present an equivalent formulation on the fibered product of the velocity space and the phase space. Such formulation is suitable for the extension to field theory.
Let Q be a configuration manifold, and T Q (resp. T * Q) the corresponding velocity (resp. phase) space. A Lagrangian theory on Q is the datum of a Lagrangian function L on T Q. It determines a system of (second order) Euler-Lagrange (EL) equations E EL ⊂ T 2 Q for curves γ : I −→ Q in Q. Roughly speaking, extremals of the action functional Ldt are solutions of the EL equations, i.e., curves γ in Q such that their second liftγ : I −→ T 2 Q take values in E EL . Furthermore, L determines a system of first oder, implicit Hamilton equations E H ⊂ T T * Q for curves in T * Q. There are several equivalent definitions of E H . A possible one is the following.
Put TQ := T Q × Q T * Q, and let p : TQ −→ T * Q and q : TQ −→ T Q be canonical projections. First of all the Lagrangian L determines a first order ODE for curves in TQ as follows. Namely, let E 0 : TQ −→ R be the function determined by the canonical pairing between T Q and T * Q, i.e., E 0 (ξ, θ) := θ(ξ), (θ, ξ) ∈ TQ. Put E := E 0 − q * (L). Moreover, let Ω be the pull-back of the canonical symplectic structure on T * Q via p.
We can consider the following equation for a curve Σ in TQ:
As usual, the geometric portrait of Eq. (1) is a subset E ELH of T TQ. Since TQ projects onto T * Q, then E ELH projects onto a suitable subset E H of T T * Q which, in its turn, can be interpreted as an implicit first order ODE for curves in T * Q. E H is precisely the implicit Hamilton Equations.
Eq. (1) covers both the EL Lagrange and the implicit Hamilton Equations, i.e., if Σ is a solution of Eq. (1), then q • Σ =γ for a solution γ of the EL Equations, and p • Σ is a solution of the implicit Hamilton Equations. For this reason, I will refer to Eq. (1) as the Euler-Lagrange-Hamilton (ELH) ODE. Solutions of the ELH ODE take values in the graph P ⊂ TQ of the Legendre transform F L : T Q −→ T * Q. Notice that the canonical projection P −→ Q is a bundle whose sections are pairs (∇, T ) such that ∇ is a vector field on Q, and T = F L • X.
Let . . . , q i , . . . be coordinates on Q, and . . . ,q i , . . . (resp., . . . , p i , . . .) associated fiber coordinates on T Q (resp., T * Q). Recall that the EL Equations have the local expression:
The ELH ODE has the following coordinate expression
In particular P is locally given by
The implicit Hamilton Equations have the local expression
The central problem in geometric HJ theory has got the following equivalent formulations Problem 1 (Lagrangian Generalized HJ Problem) Find a vector field ∇ on Q such that any integral curve of ∇ is a solution of the EL Equations Problem 2 (Hamiltonian Generalized HJ Problem) Find a vector field ∇ on Q such that, for any integral curve γ of ∇, F L •γ is a solution of the implicit Hamilton Equations.
The key result in the geometric HJ theory is the following Theorem 1 (Generalized HJ Theorem) Let ∇ be a vector field on Q. The following conditions are equivalent:
• ∇ is a solution of the generalized HJ problem;
Therefore, solving the generalized HJ problem amounts to solving the PDE
for sections (∇, T ) of P −→ Q Now, let ∇ be a solution of the generalized HJ problem. Then one can find some solutions of the EL Equations, and the implicit Hamilton Equations, simply integrating ∇. We refer to Eq. (2) as Generalized HJ Equation for the following reasons. Suppose that the Legendre transform is a diffeomorphism and search for those special solutions ∇ of the generalized HJ problem such that
and
Then, first of all, ∇ is determined by T via ∇ := F L −1 • T . Moreover, Eq. (3) is equivalent to dT = 0, so that, locally, T = dS for some function S on Q. Finally, Eq. (4) is locally equivalent to H • dS = 0, H being the Hamiltonian, which is the standard HJ Equation for S (recall also that imT ⊂ T * Q is a Lagrangian submanifold preserved by the dynamics). If ∇ is locally given by ∇ = ∇ i ∂ ∂q i , then the generalized HJ Equation is locally given by
Geometric Hamilton-Jacobi Field Theory
We refer to [9] for details on the geometry of jet spaces (see also [4, 5, 7] for notations and conventions). Here, we only recall that the first jet bundle α 1,0 : J 1 α −→ N of a fiber bundle α : N −→ M is an affine bundle modelled over the vector bundle V := T * M ⊗V N −→ N, V N −→ N being the vertical tangent bundle. The multimomentum bundle of α is the bundle 
A Lagrangian field theory of the order k + 1 on π is the datum of a Lagrangian density L on J k+1 π, i.e., a basic n-form on J k+1 π (with respect to the projection π k+1 :
It determines a system of EL Equations of the order 2k + 2, E EL ⊂ J 2k+2 for sections γ : M −→ E of π. Roughly speaking, extremals of the action functional L are solutions of the EL equations, i.e., sections γ of π such that their jet prolongation j 2k+2 γ : M −→ J 2k+2 π take values in E EL . Furthermore, L determines a system of first oder, implicit Hamilton-like PDEs
, and let p : J k+1 π −→ J † π k and q : J k+1 −→ J k+1 π be canonical projections. First of all, the Lagrangian density L determines a first order PDE for sections of J k+1 −→ M. Namely, it holds the
The Lagrangian density L determines an Hamiltonian (2, n − 1)-semibasic (n + 1)-form (with respect to the projection
The first jet prolongation j 1 Σ of a section Σ of J k+1 −→ M can be "inserted " into Ω L and the result i(j 1 Σ)Ω L is a section of a suitable vector bundle over M (see [10] for details). Therefore, we can consider the PDE
As usual, the geometric portrait of Eq. (5) is a subset E ELH of the first jet bundle of (5), then q • Σ = j k+1 γ for a solution γ of the EL Equations, and p • Σ is a solution of the implicit Hamilton PDEs. For this reason, I will refer to Eq. (1) as ELH PDE. Solutions of the ELH PDE take values in a suitable subbundle P ⊂ J k+1 π of q : J k+1 π −→ J k+1 π. Notice that the canonical projection P −→ J k π is a bundle whose sections are pairs (∇, T ) such that ∇ is a section of π k+1,k (in particular, an Ehresmann connection in π k ), and T is a section of J † π −→ J k π. Recall that the EL Equations have the local expression:
where the D I 's are multiple total derivatives. The ELH PDEs have the following local expression:
where, δ I K is equal to 1 if I = K and is equal to 0 otherwise. In particular P is locally given by
The implicit Hamilton PDEs have the local expression
The central problems in the geometric HJ field theory hare the following the EL Equations (and not on the Lagrangian density) up to isomorphisms (see [4, 5] for details). Finally notice that a natural question would be the following: how does the standard HJ problem generalize to the field theoretic setting? A natural candidate for the field theoretic version of the standard HJ Equation is (∇, T ) * Ω L = 0. However, this answer is unsatisfactory (see [5] ). In fact, there are indications that a better field theoretic version of the standard HJ theory, encompassing all its aspects (including the HJ Equations, its complete integral, canonical transformations, etc.) lives on the diffiety of initial data of the EL Equations. Work on this conjecture is still in progress.
We conclude this report summarizing the theory in a table of correspondences between mechanical concepts and their field theoretic analogues.
Mechanics
Field Theory Q × {time}
